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The irreducibility of the Bessel Polynomtals y,(s) (described below) has been 
investigated by Emil Grosswald. He has obtained several interesting results on this 
subject; in particular, using his ideas, it is possible to prove that a positive propor- 
tion of the Bessel Polynomials are irreducible. This paper uses a different approach 
to deduce the stronger result that almost all Bessel Polynomials are irreducible. 
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1. INTRODUCTION 
Bessel Polynomials arise in a natural way in the study of various aspects 
of mathematics including transcendental number theory, the solution to 
wave equations in spherical coordinates, and student t-distributions. An 
excellent account of such applications and the theory of Bessel Polynomials 
in general can be found in the book Bessel Polvnomiafs by Emil Grosswald 
[3]. We shall make use of the notation found there. In particular, for each 
nonnegative integer n, we denote the &h Bessel Polynomial by y,,(x) and 
set Z,,(X) = s”J~,,(~/.u). The irreducibility of z,,(x) implies the irreducibility of 
J,,(.u) (and vice versa), and in this paper, to simplify matters, we shall only 
concern ourselves with the irreducibility of z,,(.u). The coefftcients of Z,,(X) 
are given by the formula 
where 
(1) 
The irreducibility of z,(x) has been investigated by Grosswald (cf. [3-61). 
In particular, he has shown that z,J,x) is irreducible whenever n = pm, 
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n = p + 1, or n = p - 1, where p is a prime and m is any positive integer. 
Recently [6], by a nice application of previous work, he was able to show 
that ~,J.Y) is irreducible provided that there is a prime p such that 
pj n(n + 1) and p > (pi+, -~,)/2, where pi and pi+ I are the consecutive 
primes for which n E (pi, p, + ,I. H e notes that this result is sufficient to 
prove that z,(x) is irreducible for all n 6 lo6 with the possible exceptions of 
n= 125, 4374, 31464, 190463, 633555, and 638000. Since 125 = 53 and 
4374 = 4373 + 1 are of the form p’” and p + 1, respectively, the first two of 
these six possible exceptions n 6 106, are easily dealt with. But in fact, a 
closer look at Grosswald’s work allows one to conclude that z,(x) is 
irreducible for all n< 106. If one sets k,(n)=n-p,, k,(n)=p,, ,-n-l, 
and k(n)=min(k,(n), k?(n)), where p, and pi, , are as above, then 
Grosswald’s work easily implies that Z,,(X) is irreducible provided that 
there is a prime p such that pln(n + 1) and p> k(n) + 1. This later con- 
dition holds for the six values of n < lo6 mentioned above. 
This recent result of Grosswald, or the weaker result that Z,,(X) is 
irreducible provided that there is a prime p such that p 1 n and p > k(n) + 1, 
is sufficient to prove that ZJX) is irreducible for a positive proportion of 
the positive integers n. Indeed, this can be established by an elementary 
argument showing that almost all integers n have a prime factor greater 
than log’ tz and that a positive proportion of the integers n lie in an interval 
(p,. p,+ ,] with pi+, -p,<log’n. On the other hand, to conclude the 
irreducibility of almost all Bessel Polynomials in this manner seems to 
require results on the distribution of primes that are currently inaccessible. 
For example, the irreducibility of almost all Bessel Polynomials can be 
established directly from Grosswald’s work under the 
HYPOTHESIS. For each s>O. 
c (Pi+ 1 -P,) = 4.x). 
/J,+1 -I),> rr 
P,i I G v 
The purpose of this paper is to obtain, by a different approach, the uncon- 
ditional 
THEOREM. Almost all Bessel Pol~womials are irreducible. 
2. THE BASK STRATEGY 
In this section, we establish some preliminary results and illustrate our 
approach to the irreducibility of z,(x) for almost all n by considering the 
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example n = 633555. Throughout this section, IZ will denote a nonnegative 
integer. 
LEMMA 1. Suppose z,(x)=g(x)h(x), where g(x)=&, b,xj and 
h(x) = c;=, C,.Ki are polynomials with integer coefficients and positive 
leading coefficients. Then all the cotlfficients qf both g(x) and h(x) are 
strictly positive. 
Proof From Theorem 5, p. 8 I of [3], and the definition of z,(x), we 
get that the roots of z,,(x) have negative real parts (see also [9] and [7]). 
Hence, the roots of g(x) and h(x) have negative real parts. Let /I, ,..., 8, be 
the real roots of g(x) and I’, + is, ,.__, y,, + is,. be the complex roots of g(x). 
Then 
g(x)=b, fi (. -p-) fi (x’-2y,x+(Yf+6;)). 
I,,_, y 1 I,=, 
Since each /I, (j = l,..., u) and each y, (j= l,..., o) is negative, each factor in 
the product above has strictly positive coefficients. Thus, g(x) and, in a 
similar manner, /r(x) have strictly positive coefftcients, finishing the proof. 
LEMMA 2. Let n and k be nonnegative integers with k -C n. Suppose n E k 
(mod p) ,for some prime p > k. Then 
z,,(x) = x” ‘zk( x) (mod p). 
Proof. Suppose II, k, and p are as above. Let 11 be any nonnegative 
integer <k. Then since p > k 3 u, u! has an inverse modulo p. Using that 
n = k (mod p) now gives 
n + u ( ) =(n+u)(n+u- l)...(n+ l)(u!))’ u 
=(k+u)(k+u-l)...(k+l)(U!) I 
k+u 
-( > 
(mod p). 
Ii 
Hence, by ( 1 ), 
aN ,,(n)E (n+U)! E “t” -./J$ 
u! (n - u)! i > 
E ( > ‘lff n(n- l)...(n-u+l) 
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k(k - 1). . . (k - u + 1) 
=akmU (k) (mod p) 
for u 6 k. For u > k, we get 
a,p.(n)- 
I 
-GO (modp) 
(n Tu)! 
since 12-k divides n!/(n - u)!. We now get that 
,=n- k 
= 
-  .Y 
)i kia ,, k+~,(n)s’=x”pk i Ukm,k.-jj(n)X’ 
, = 0 i= 0 
- .Y = ‘I k 1 a,(k) x’ E x”-“z,(s) (mod p). 
/=O 
This concludes the proof. 
Before proceeding, we note that the proof of Lemma 2 is only given here 
to make this paper more selfcontained. Lemma 2 is only a minor 
modification of Lemma 1 in [3, p. 1171. 
We are now ready to explain our approach. Fix a nonnegative integer n. 
Assume L,,(X) is reducible. Then z,(x) = g(x) h(x) for some g(x) = 
~;=,h,xj~Z[~] and h(.u)=Cj:=,c,xj~Z[x] with r and s>, 1. We may 
further choose g(x) and h(x) in such a way that their leading coefficients 
are both one. By Lemma 1, all the coefficients of g(x) and h(x) are positive. 
In particular, we get 
h,..i>O, c,,-,>O, and h,~,+c,~,=a,._,(n)=n(n+l). (2) 
Next suppose we have a nonnegative integer k and a corresponding prime 
p > k for which rz = k (mod p) and z~(.Y) is irreducible modulo p. For any 
such k and p, we get, by Lemma 2, that 
;J x) E x” kzk(.x) (mod p). (3) 
Since Z,(X) is irreducible modulo p, we get from (3) and the unique fac- 
torization of polynomials in Z,[x] that zk(.y) must divide one of the fac- 
tors g(.x) or h(x) in Z,[x]. Hence, by (3) the remaining factor must be a 
power of Y modulo p. In other words, p must divide all but the leading 
coefficient of either g(x) or h(x). In particular, we get that p I h,- , c,, _ , . If 
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we can now establish that there are many such k and p, we can show that 
the product h, I c.s I is large enough to obtain a contradiction to (2). 
Indeed, if b,-, c,, ~, 3 n’(n + 1)‘) then either b,- ,3 n(n + 1) or c,, ,3 
n(n + 1 ), contradicting that b, , + c, , = n(n + 1). 
The next section is devoted to showing that the above proof by con- 
tradiction will suffice to show that z,,(x) is irreducible for almost all n. The 
remainder of this section is devoted to giving a specific example. For this 
purpose, it will be convenient to draw a bit more information out of the 
above argument. 
First, we observe in Lemma 2 that in the case that k = 0, one obtains 
z,,(x) E x” (mod p). (4) 
Hence, in this case, we get that p must divide all but the leading coefficients 
of both g(.u) and h(.\-). In other words, p’ / h,. , c, , Also, we note that in 
the case k = 0 and in the case k = 1 of Lemma 2, the polynomial z~(x) is 
constant and linear, respectively, so that zk(.u) is irreducible modulo every 
prime. Thus, for any prime p which satisfies n s 0 (mod p), we get 
p’lb r-l c, I> and for any prime p which satisfies n E 1 (mod p), we get 
plbr I(‘\ 1. 
Finally, we observe that there is an analog to Lemma 2 in the case that k 
is negative. In particular, if n K - 1 (mod p), then (4) holds; and if n = -2 
(mod p), then 
:,,(.u) E s” ‘(x+ 2) (mod p). 
Hence, if II E -1 (mod p), then p2 I b,. ,c,- ,; and if n= -2 (mod p), then 
p 1 b, ~, c, ~~, . In conclusion, the following is a consequence of the above 
analysis. 
COROLLARY. Let n be a positive integer. [f 
i,.,,,sll,,p!2(,,,p,~“)(,,1,2,p)>n2(n+1)2. 
p odd p>3 
(5) 
then z,,(x) is irreducible. 
E.xample. Consider n = 633555. We first find the prime factors of n - 1, 
n, n+ 1, and n+2. We get 
n - 1 = 633554 = 2.316777 
n = 633555 = 33. 5.13. 192 
n+ 1 =633556=2’.7. 113. 17 
n + 2 = 633557 = 227.2791. 
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Next we calculate the left-hand side of (5) which is 
18882306561711188018322900. 
Finally, we calculate the right-hand side of (5) obtaining 
161115996519605423696400. 
Comparing the above two expressions enables us to deduce that z,(x) is 
irreducible when n = 633555. We note that in fact all six of the values of n 
mentioned in Section 1 can be shown to be irreducible by the above 
Corollary. 
3. THE PROOF OF THE THEOREM 
We begin by showing that there are many nonnegative integers k and 
primes p > k for which zk(- ) Y IS trre uci d bl e modulo p. For this purpose, we 
define 
A, = {p prime: z~(x) is irreducible modulo p} 
and 
A,(x) = IA, n (1, I]]. 
LEMMA 3. For any prime q, 
A&-u) 
1 .Y 
-qlog.u. 
Proof As mentioned in Section 1, since q is a prime, z,(x) is 
irreducible. Indeed, in this case, z,(x) is Eisenstein with respect to the 
prime q. From Theorem l’, p. 116 of [3], we know that the Galois group 
of Z,(X) is S,. By the Tchebotarev Density Theorem, we get the conclusion 
of the lemma (cf. [S, 23). 
Before proceeding, we note that for the purposes that follow it will suffice 
to know that for a prime q, 
s 1 
A,(x) - ry - 
log X’ 
where ry B -. 
4 
(6) 
This can be shown without using that the Galois group of Z,(X) is S,. To 
see this, first observe that there is some prime p for which z,(x) is 
irreducible modulo p since z,(x) is of prime degree (cf. [ 1 I). Second, it can 
be shown that if G is any subgroup of S, containing at least one q-cycle, 
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then the number of q-cycles in G is > (l/q)/GI. The Tchebotarev Density 
Theorem now implies (6). 
Throughout the remainder of the paper, m and n will denote positive 
integers with IZ 6.x. Also, p, q, p,, p?, q,, and q2 will denote primes. Let rn 
be a positive integer. Define 0 = 4, q4 = f, and 
(7) 
Suppose that x is sufficiently large so that any prime p E (x”, .@] satisfies 
p > m. Note that if q, and q2 are distinct primes from the set { 1, 2,..., UZ), 
then since p>m. at most one of n=q, (mod p) and n-q, (mod p) can 
hold. Thus, each prime p occurring in (7) occurs at most once. If we can 
establish that r(n) > 20, then, by Lemma 2, we get that (for .Y > 2) 
h, , c, , > (2p = x5 3 n’(n + 1 )‘, 
As in Section 2, this would imply that Z,,(X) is irreducible. Hence, to prove 
the Theorem, we need only show that r(n) 3 20 for almost a11 n. Indeed, we 
will prove more, namely that for any constant C, IX(~) > C for almost all n. 
To see this, suppose for the moment that we have already proven 
Then 
1 (a(n)-log(~)n(m))‘=log(~)u(n?)s+o(s). (8) 
,I< \ 
Consider any E > 0. Since U(W) tends to infinity with WZ, we can find an m 
so that 
For each 116 .Y such that U(N) < C< (4) log($) u(m), we get a contribution 
of at least {(i)log($)u(m))’ in the summation in (8). Thus, by (S), the 
number of n 6 .Y such that cc(n) < C is 
6 
log($) u(m) 
~(f)log(g)u(m):L-~+O(I) 
4 
= log(;) u(m) 
.Y + o(x) 
< cx + o(s). 
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Since E> 0 was arbitrary, we get that the number of n 6x for which 
a(n) < C is o(x). Hence, almost all n satisfy a(n) > C. In conclusion, we will 
have established that almost all Bessel Polynomials are irreducible once we 
have proven Lemma 4. 
Proof of Lenma 4. Let nz be a fixed positive integer to be chosen later. 
Define I to be the interval (x”, x4]. First, we observe that by Lemma 3, for 
each prime q, one has 
Now, we compute 
2 a(n) and 
,, s .Y 
,,I, a2(n), 
For the first sum, we get 
= c c 
q<WIpGlnAy 
(;+om) 
=x { c 1 
y<mpEIn.4q 
;j+ow 
=x { c 6 log(i)} + O(X) 
qsm 
(9) 
= log(;) u(m) x + o(x). (10) 
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For the second sum, we get 
where 
and 
We estimate each of these sums: 
1, = c x(n) = log($) u(m) x+ o(x) (by (IO)); 
II s \- 
c,=o (for x sufficiently large: i.e., so that 
p > x0 implies p > m ); 
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and 
L=C c c c l 
= s 
i 
CL 
c/,&y2 sm 4 I 42 > 
log’($ + o(x). 
Y? z 4, 
Combining the above estimates leads to 
,,F,. x2(n) = {log’($) u’(m) + log($) u(m)} .Y + o(x). 
From (10) and (1 1 ), we get 
cc’(n) - 2 log(+) u(m) 
(11) 
c ,r < Y 
a(n) + log’($) u’(m) 
( ) 
c 1 
rr< li 
completing the proof. 
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